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Regularized regression plays an important role in the statistical/machine
learning toolkit. This pedagogical note highlights the interpretation of reg-
ularization as a process of proper data augmentation.

Consider the following loss funtion:

n∑
i=1

(yi − xiβ̂)2 + λβ̂2

where xi is a scalar standardized explanatory variable (zero mean), β̂ is
an unknown parameter and λ ≥ 0. Estimamtion is based on data (yi, xi),
i = 1 . . . , n. This loss function corresponds to the ridge regularization. Its
first term penalizes lack of fit and the second, departures away from β̂ = 0.
When λ = 0 it reduces to the OLS penality function, and when λ = ∞,
minimizaton requires β̂ = 0. Then λ controls the relative importance of the
regularization term.

When λ > 0, an illustrative (an approximate) way of presenting the ridge
loss function is the following

n∑
i=1

(yi − xiβ̂)2 + λβ̂2 =
n∑
i=1

(yi − xiβ̂)2 +
λ∑
s=1

(0− β̂)2,

or, alternatively,
n+λ∑
i=1

(yi − xiβ̂)2,

where (yi, xi) = (0, 1) for i = n+1, n+2, . . . , n+λ. Then the ridge estimate
can be seen as arising from fitting a line to the original n points plus λ
‘artificial’ points that lie on the horizontal axis. More artificial points result
in a more horizontal fit. Of course this is an approximation since in the
original problem λ can be any real positive number and not just a natural
one.

This idea of adding artificial points is compatible with the bayesian view
of ridge. In such perspective the ridge loss funtion arises from adding up
a normal loss function (that leads to standard OLS) and a normal prior
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centered at β = 0. From this perspective the artificial points (0, 1) tend to
favor the prior model with zero slope, so resulting estimates are ‘shrunk’
towards it.

The following figure illustrates this interpretation:

The black points are the original data, and the red line is the OLS estimation
(λ = 0). Next λ artificial points (0, 1) (represented in red) are added, and
the resulting fit are the black lines. As more artificial points are added, the
resulting line becomes flatter, representing the idea that more points favor
the zero slope model.

#Codigo R para el ejemplo

#Ridge as data augmented regression

x1<-rnorm(50)

x1<-(x1-mean(x1))/sqrt(var(x1))

y1<-x1+rnorm(50)*0.5

plot(x1,y1, bty="l")

abline(h=0,lty=2, col="grey")

abline(v=0, ,lty=2, col="grey")

abline(lm(y1~-1+ x1), lwd=2, col=’red’)

for(i in 1:5){

yr<-c(y1,rep(0,i*10))

xr<-c(x1,rep(1,i*10))

abline(lm(yr~-1+xr))

}

points(1,0,col="red", pch=19, cex=2)
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